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Tracer analysis was applied to a secondary combustion chamber of a rotary kiln
incinerator simulator to de®elop a computationally inexpensi®e networked ideal reactor
model and allow for the later incorporation of detailed reaction mechanisms. Tracer
data from sulfur dioxide tracer experiments were reconstructed using a least-squares
approximation that eliminated the intrinsic response of the measurement de®ice and
produced a residence time distribution between ®arious points of the combustor. A model
was chosen based on the best fit to tracer data, and consistency with physical geometry
and temperature measurements. The resulting model showed that the acti®e path was 1
s shorter than the mean residence time calculated from the total ®olumetric flow. The
analysis found that complete mixing between the kiln gas and burner stream occurs
farther downstream than originally expected. Results underscore the importance of tur-
bulent mixing in reactor design and suggest that different design criteria are needed to
ensure complete combustion.

Introduction
A model for a complex process such as combustion can be

analyzed under a variety of conditions much faster and at a
lower cost than these conditions can be replicated in bench-
and pilot-scale experiments. Despite the rapid increase in
computational power, modeling combustion processes re-
quires trade-offs between detailed chemical kinetic modeling,
involving hundreds to thousands of elementary reactions and
intermediate compounds, and the detailed modeling ap-
proaches to turbulent mixing. Modeling the formation of

Ž .Products of Incomplete Combustion PICs through numer-
ous potential reaction pathways requires detailed chemical
kinetics and, thus, demands simplified approaches to turbu-
lent mixing. A networked ideal reactor model preserves the
mathematical simplicity of an ideal reactor, while attempting
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to introduce some of the complexities of the mixing process.
Ideal reactors provide a relatively simple mixing model to
solve the large equation set generated by a detailed
thermokinetic mechanism.

Practical systems such as a swirl burner in a furnace sug-
gest a well-stirred zone followed by a plug-flow section. Beer´

Ž .and Lee 1965 investigated the mixing in this system by
building a 1r10th scale water model and using a salt solution

Ž .as a tracer to measure the residence time distribution RTD ,
which agreed with the two-stage, perfectly stirred reactor
Ž . Ž .PSR to the plug-flow reactor PFR model. Using a simple
kinetic model for pulverized coal combustion, Beer and Lee´
demonstrated agreement between model and combustor as
the flame swirl region was adjusted to alter the division be-
tween the PSR and PFR zones. Other approaches to ideal
reactor model development have employed a combination of
reactor geometry analysis and studies of temperature pro-
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( )Figure 1. Ideal reactor model right developed for a
( ) (turbine can combustor left Swithenbank et

)al., 1972 .

files, in combination with the application of empirical formu-
las that describe the turbulent discharge of a fluid from a

Ž .nozzle Beer and Chigier, 1983 .´
Ž .Swithenbank et al. 1972 relied primarily on reactor geom-

etry when developing a 12-parameter ideal reactor model for
a turbine combustor. A fuel-rich flame originated from a swirl
nozzle and was successively augmented and diluted down-
stream from three sets of holes. The authors developed the
model from the physical volumes between the fuel and air
inlets to develop the ideal reactor network that was subse-
quently refined using the cross-section temperature profiles

Ž .and cold-flow analysis Figure 1 . They successfully used the
model to predict the rich blowoff limits of the combustor.

Ž .Ewan et al. 1984 extended this study by measuring the RTDs
between various points in the can combustor in a cold-flow
mode which favorably compared with RTDs generated from

Ž .computational fluid dynamic CFD models.
Mixing studies have been applied to full-scale mass burn

incinerators using CFD models. In two separate studies,
Ž .Ravichandran and Gouldin 1993 and Nasserzadeh et al.

Ž . Ž .1994 used transient two-dimensional 2-D numerical simu-
lations of tracer injection to determine mixing dynamics. Both
studies emphasized the significance of reactor geometry, and
the proper placement of burner jets to achieve a desired level
of macromixing. They also highlighted the need for in situ
tracer experiments that determine the RTD rather than rely-
ing on physical geometry to approximate the mean residence
time.

This study applies tracer analysis to a secondary combus-
Ž .tion chamber SCC of a rotary kiln incinerator simulator

Ž .RKIS pilot-scale system to develop a computationally inex-
pensive mixing model that makes reasonable approximations
of the actual flow characteristics in order to allow for the
incorporation of detailed reaction mechanisms. The objective
of this work is not to resolve the true mixing characteristics
of the reactor, but to find a networked ideal reactor model
that is consistent with observation and approximates the mix-
ing characteristics for the application of the detailed reaction
mechanism.

Approach
The strategy of constructing an ideal reactor model in-

volves first considering the observed characteristics of that
system such as temperature, geometry, and RTD, then iden-
tifying the model parameters. The SCC will be modeled based
on the assumption that the passage of a stable gaseous tracer
through the reactor can be described with a set of linear
first-order differential equations, a condition that applies to a
reactor that can be described by a network of ideal reactors,
and, when normalized, does not depend on the initial con-
centration of the tracer. Unless the tracer is consumed or
adsorbed, this assumption normally holds true.

Modeled system
A linear system that has a single input and a single output

Ž .SISO , such as the tracer injected at a single point and mea-
sured by an analyzer at a single point downstream as a func-
tion of time t can be described by a single transfer function
Ž . Ž .g t . The output of the system y t is a convolution of the

Ž .input u t with the transfer function

t
y t s g ty� u t d� 1Ž . Ž . Ž . Ž .H

0

where � is the dummy time variable. For the tracer experi-
ments, the system represents the effects of both the reactor

Žand the analyzer on the measure response of the tracer Fig-
.ure 2a . As a linear SISO system, the sequence of the reactor

and analyzer does not matter. This provides an alternate view
where the output of the analyzer can be considered as the

Ž .input of the reactor Figure 2b . Using this view, the analyzer
Ž .step response is the input U t and the analyzer impulse re-

Ž .sponse will be represented as u t . Only the analyzer step

Figure 2. Modeled system.
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response is directly measured. However, differentiating the
analyzer step response with respect to time gives the analyzer
impulse response, which will be referred to simply as the ana-

Ž .lyzer response Levenspiel, 1972

dU tŽ .
u t s 2Ž . Ž .

dt

In the same fashion, differentiating the system step response
Ž . Ž .Y t gives the system response y t . The system response is

the combined response of the tracer through the analyzer and
the reactor with the addition of any uncorrelated noise exter-

Ž .nal to the analyzer or reactor ® t . For a continuous system

t
y t s g ty� u t d� q® t 3Ž . Ž . Ž . Ž . Ž .H

0

Least-squares estimation of the RTD
The RTD is the distribution of times spent by each in-

finitesimal packet of fluid measured at the reactor exit. When
Ž .the reactor is a SISO linear system, the transfer function g t

Ž . Ž . Žin the modeled system Figure 2 is also the RTD E t Him-
.melblau and Bischoff, 1968 . This can be identified from the

Ž . Ž . Ž .input U t and output Y t . Hsia 1977 provides a suitable
technique which identifies this function as the estimator of a
least-squares formula. This method computes the autocorre-

Ž . Ž .lation input and cross-correlation input vs. output func-
tions in the process, so the input signal must be stationary.

Ž .That is, the expected value is invariant with time Hsia, 1977 .
The step input function does not meet this criterion. How-
ever, converting the step input and response function to an
impulse input and response by using the first derivative
Ž .Levenspiel, 1972 makes it a quasi-stationary process. A Sav-

Ž .itsky-Golay Press et al., 1992 filter that fits a second-order
polynomial to a window 10 points on each side of a given
point estimates the derivative by using the polynomial coeffi-
cients estimated at each point.

The system has a continuous input and output, but it is
sampled on a discrete time interval � t. When � t is small,
relative to the system response, a discrete system approxima-
tion becomes a valid approach. Equation 3 can be approxi-
mated as a discrete system by defining the weighting function
h

h k� t s� tg k� t 4Ž . Ž . Ž .

Žwhere k is the sample index where tsk� t for ks1, 2,
.3 . . . . Equation 5 gives the discrete version of Eq. 3

k

y k� t s h k� ty i� t u i� t q® k� t 5Ž . Ž . Ž . Ž . Ž .Ý
is ky p

Ž .Here, p is an integer such that g t f0 for tG p� t and 0Fk
Ž .F p. The discrete system response y k� t depends on the
Ž .weighted discrete analyzer response u i� t for the preceding

p measurements or isky p, ky pq1, . . . , k.
Despite the fact that the experiment measured a single sys-

tem response to a single input, it is necessary, for this method,
to consider the experiment as a periodic series of responses

to a periodic series of inputs where the system has time to
come to rest after each input. The system response is mea-
sured for an interval between 0 and p where p is chosen

Ž .large enough for y t f0 for tG p� t. Equation 5 can now be
expressed in matrix form

ysUhq© 6Ž .

where

Tw xys y 0 y 1 ��� y pŽ . Ž . Ž .
Tw x©s ® 0 ® 1 ��� ® pŽ . Ž . Ž .
Tw xhs h 0 h 1 ��� h pŽ . Ž . Ž .

u 0 u y1 ��� u y pŽ . Ž . Ž .
u 1 u 0 ��� u 1y pŽ . Ž . Ž .

. . ..Us 7Ž .. . . ... . .
u p u py1 ��� u 0Ž . Ž . Ž .

and the superscript T denotes the matrix transpose. Applying
Žthe matrix form of the linear least-squares formula Draper

.and Smith, 1998 to Eq. 6 gives the estimator of h. Equation
ˆŽ .8 is the estimate of the h vector h that minimizes the sum

of the squared errors ©T©

y1T T y1ĥs U U U ys� � 8Ž . Ž .

Here, � and � represent the groupings that relate to the
autocorrelation and cross-correlation vectors, respectively,
shown in Eq. 9

� 0 � 1 ��� � pŽ . Ž . Ž .uu uu uu

� 1 � 0 ��� � py1Ž . Ž . Ž .1 uu uu uuT . . .�s U Us .. . . .1q p .. . .
� p � py1 ��� � 0Ž . Ž . Ž .uu uu uu

� 0Ž .u y

� 1Ž .1 u yT�s U ys 9Ž ...1q p .
� pŽ .u y

The autocorrelation function � of the inputs u and cross-uu
correlation function � of the inputs u with the outputs yu y
in the discrete form are defined by

p1
� k s u j u jykŽ . Ž . Ž .Ýuu 1q p js 0

p1
� k s u jyk y j 10Ž . Ž . Ž . Ž .Ýu y 1q p js 0

Using this least-squares approach eliminates the uncorre-
Ž .lated noise ® k� t from the solution. A problem arises, how-

ever, when finding the inverse of �, which is rank deficient
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and, thus, singular or near singular. Hence, �y1 cannot be
determined by standard techniques such as Gaussian elimi-

ˆnation. This also means that h will not have a unique solu-
Ž .tion Draper and Smith, 1998 . Rather than dwell on the im-

plications here, it is sufficient to select an approach to solve
ˆ y1for h without directly computing � and apply that ap-

proach consistently. A constrained iterative reconstruction
ˆŽ .technique Schafer et al., 1981 was chosen to find h.

Analysis of moments
The moments of the reconstructed RTDs were analyzed as

part of the process of gaining insight into the number and
location of the mixing regions. The first three moments of

Ž . Ž 2.the RTD�the mean � , variance � , and skewness coef-
Ž 3.ficient s �are shown below in their discrete form

Ž .Levenspiel, 1972; Fogler, 1992

p p
2E t E tÝ Ýi i i i

is 0 is 02 2�s , � s y� ,p p

E EÝ Ýi i
is 0 is 0

p
3E tÝ i i1 is 03 2 3s s y3�� y� 11Ž .p3�

E� 0Ý i
is 0

Before discussing the moments calculated from the experi-
mental results, it is useful to consider them in the context of
ideal reactor models. Consider three archetype ideal reactor

Ž .models: 1 PSR and PFR in series with mean resident times
Ž .� and � , respectively; 2 two different size PSRs in series1 d

Ž .with mean residence times � and � ; and 3 n equal PSRs1 2
in series, each with mean residence time � . Table 1 showsi
the RTD formulas and resulting moments, derived from the
continuous versions of Eq. 11.

From these archetypes, several deductions may be made.
First, for a simple series with no recirculation, the PFR makes
no contribution to the variance and skewness coefficient, and
PSR mean residence time for archetype 1 is better measured
through the variance. Next, the skewness coefficient has a
value of 2 for a single PSR in that series and becomes smaller
as more PSRs are added. Finally, for the series of equal-sized

Ž .PSRs archetype 3 , the number of reactors in the series can
be deduced from the skewness coefficient; however, higher
moments heavily weight perturbations farthest from the mean,
and, thus, are less reliable. A better deduction can be made

Ž .from the first two moments Fogler, 1992

2 2n� �Ž .i
ns s 12Ž .2 2n� �i

Parameter identification
The model parameters were determined by directly fitting

the model to the normalized tracer step response rather than
to the reconstructed RTDs. This method has the advantage
of fitting the model to original data. The process uses an iter-
ative approach to minimize the error defined by the least-
squares criterion. The Nelder-Mead simplex search routine
Ž .Nelder and Mead, 1965 performs the parameter adjustment
to minimize the squares of the errors. The model uses the

Ž .analyzer step response U k� t as input along with an initial
‘‘guess’’ of the parameters and gives the model step response

Ž̂ .or estimated step response Y k� t , by

k

Ŷ k� t s g k� ty i� t ;� U i� t 13Ž . Ž . Ž . Ž .ˆÝ
is ky p

where � is the parameter vector and g is the model thatˆ
estimates the transfer function of the system.

The modeled transfer function g of an ideal reactor net-ˆ
work is more conveniently handled as a Laplace transform,
because the basic building blocks, the PSR and PRF, are eas-
ily represented in algebraic combination. The linear simula-

Ž .tion LSIM function in the MATLAB control toolbox can
Ž .use the analyzer step response U k� t to drive the resulting

numerator and denominator polynomials of the transfer
function to produce a simulated output. Equation 14 shows
the Laplace transform for the PSR

ar
G s s 14Ž . Ž .

sqar

Ž .Here, a is 1r� , the reciprocal of mean residence time, G sr r
is the transfer function or the RTD of the PSR, and s is the
independent variable in the Laplace domain. For a PFR, the
equation is an exponential function

G s s ey� d s 15Ž . Ž .

Although the exponential form does not algebraically compli-
cate the network transfer function in the Laplace domain, it
does not give a convenient polynomial as required by LSIM.

Table 1. Moments of Model Archetypes.
2 3Ž . Ž . Ž .RTD Mean � Variance � Skewness s

Ž� y t .r�d 1e
2Ž . Ž .1 PSR to PFR E t s � G� � q� � 21 d 1 1�1

y tr� y tr� 3 31 2 Ž .e y e 2 � q�1 22 2Ž . Ž .2 Two PSRs � �� E t s � q� � q�1 2 1 2 1 2 3r2Ž . 2 2� y� Ž .1 2 � q�1 2
Žny1.t 2

ytr� 2iŽ . Ž .3 Multiple PSRs E t s e n� n�i inŽ . 'ny1 !� ni
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Rather than trying to approximate the exponential as a poly-
nomial, the PFR was introduced as a time domain delay of �d
after the LSIM calculation.

Experimental Work
Figure 3 shows the RKIS and SCC located at the U.S.

EPA’s National Risk Management Research Laboratory, Air
Pollution Prevention and Control Division, in Research Tri-
angle Park, NC. The system includes the salient features of a

Ž .commercial rotary kiln system. The 73-kW 250,000-Bturh
SCC is attached to a 73-kW pilot-scale rotary kiln incinera-
tor. Both burners use natural gas as the primary fuel. The
SCC contains a removable choke which divides the mixing
section from the burnout section. During SCC experiments,
liquid surrogate wastes were injected at point B2 in the kiln

Ž .transition duct using a nitrogen N -and-air atomizer2
Ž .Lemieux et al., 1996 .

The geometry of the SCC gives a starting point for model
synthesis by identifying distinct mixing regions that might be
modeled as ideal reactors. The two section design of the SCC
automatically suggests at least two mixing zones divided by
the choke: the mixing section and the burnout section. The
tangential entrance of the gases from the kiln transition duct
into the mixing section forces a cyclone chamber-like swirl,
while the SCC burner creates another co-rotating swirl
through adjustable vanes of the fuel and air inputs. However,
since the mixing chamber has two sources of swirl from two
separate feeds, the result may be two mixing zones and possi-
bly a third representing an entrainment zone between them.
Additionally, there is potential for another mixing zone
downstream of the choke as the emerging gases slow to the
bulk velocity in the burnout section. Hence, the geometry of
SCC suggests the existence of up to four mixing zones that
might be modeled as PSRs.

Tracer studies
Ž .Tracer studies, using sulfur dioxide SO as the tracer gas,2

identified the RTD of the mixing and the burnout sections of
the SCC. The main kiln burner and SCC afterburner were

( )Figure 3. Rotary kiln incinerator simulator RKIS and
( )the secondary combustion chamber SCC .

Figure 4. SO tracer experiment setup.2

operated at constant fuelrair conditions. These correspond to
Žan overall fuelrair equivalence ratio the fuelrair equiliva-

lence ratio, �, is the mass ratio of fuel to air divided by the
stoichiometric mass ratio of fuel to air, where � �1 is fuel

. 4 3 Ž .lean of 0.92 with 2.42�10 std cm rs 30.0 grs entering
4 3 Žthrough the kiln transition duct and 1.28�10 std cm rs 15.8

.grs entering through the SCC swirl burner. Figure 4 shows
the experimental setup. Tracer gas entered the system as step
input. Experimental runs were conducted with the tracer in-

Ž .jected at either the side of the mixing chamber B1 , the
Ž .kilnrSCC transition duct B2 , or through the swirl burner

Ž .C . At different experimental runs, the tracer was sampled
Ž .either at side of the mixing chamber 3 opposite to B1, the

Ž . Ž . Žchoke 4 , or near the end of the burnout section 5 see
.Figure 3 . The analyzer was limited to a minimum digital

sampling interval of 0.05 s and had its own characteristic re-
sponse. This was separately measured using the same sample
train. A typical run had three sample sequences with each
sequence consisting of a stepup and stepdown response.
However, due to sampling train difficulties, the integrity of
the system response stepup data was suspect and thus re-
jected.

Temperature profiles
Temperature profiles were taken along the horizontal and

vertical diameter midway in the mixing chamber, on the verti-
cal diameter midway in the burnout section, and midway on
the vertical diameter in the choke. The experimenters used a
suction pyrometer for the mixing chamber and burnout sec-
tion temperatures and a type R thermocouple in the choke.

Ž .The temperature was recorded at 2.54 cm 1 in. intervals. A
temperature correction for radiation heat from the R-type
thermocouple was done using a Nusselt number correlation
to estimate the heat transfer across the boundary layer
Ž .Fristrom, 1995, p. 119 the measurements from the shield
suction pyrometer did not require this adjustment.

Figure 5 shows a rendered contour temperature profile in
the mixing chamber. The rendering shows the presence of a
relatively tight flame region and suggests the presence of at
least two distinct mixing zones in the chamber. The align-
ment of the kiln transition duct is depicted on the graph.
This graph displays the effect of the cooler gas entering the
chamber on the right and the relatively small flame zone of
the swirl burner near the axial centerline. Using the 1,050 K
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Figure 5. Radial temperature profile—SCC mixing sec-
tion.
Temperature contours from 900 to 1,700 K at 50-K incre-
ments.

contour as an approximation of the flame zone boundary, the
flame cross section occupies 10.2% of the reactor cross-sec-

Žtion area and has an average weighted on the heat capacity
.of N temperature of 1,343 K. Using the same weighting2

technique, the reactor cross-section has an average tempera-
ture of 1,009 K.

Figure 6 shows the vertical temperature profiles in the
choke and the burnout section. Since the choke measure-
ment did not use a suction pyrometer, the temperatures
shown on the graph have been corrected for radiation heat

Ž .for a spherical thermocouple bead Fristrom, 1995, p. 119 .

Figure 6. Vertical temperature profile in the choke and
burnout section.

ŽThis graph indicates a significant temperature difference 300
.K between the gas near the lower choke wall and the gas

just above the center in the choke, which reveals the pres-
ence of two distinct, but converging, temperature zones. Since
the choke wall heavily insulates the passage, heat loss through
the walls would not account for this behavior. Downstream,
in the burnout section, the temperature profile is approxi-
mately even with a slight degree of buoyant stratification. This
suggests that streams converge past the choke and should be

Ž .modeled as a single homogenous mixed stream. Using the
same analysis conducted for the mixing section, the average
cross-section temperatures for the choke and the burnout

Ž .section at point 5 were found to be 1,213 and 967 K, respec-
tively.

Results and Analysis
Each tracer run had at least three data sets of the step-

down system and analyzer responses. To use these data in
the least-squares reconstruction of the RTD, the information
from each of these samples was normalized, combined, dif-

Ž .ferentiated using a Savitsky-Golay filter Press et al. 1992 ,
and resampled at a constant interval t for the input function
Ž . Ž .u k� t and the response function y k� t . Figure 7 shows the

normalized responses and transfer function derived from data
gathered from a tracer runs using the port B1 input and sam-

Ž . Ž .pled at port 4 Figure 3 . E k� t is the least-squares recon-
Ž .struction estimate of the transfer function g k� t equal toˆ

ˆŽ .h k� t rt. The estimate of the system response function
Ž .y k� t is given byˆ

ˆysUh 16Ž .ˆ

An RTD was derived for each run using the least-squares
reconstruction estimate. The first three statistical moments
from each RTD were used to gain more insight on the
macromixing processes taking place.

( )Figure 7. Reconstructed RTD E k� t , from the system
( )response, y k� t , and the analyzer response

( )u k� t .
Ž .Estimated system response y k� t shown for comparison.
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Table 2. Moments from Tracer Runs
� 2Ž . Ž .Run InrOut Port Mean s Variance s Skewness Coeff.

Average Analyzer 1.30 0.21 1.67
T1 B1r3 0.56 0.32 2.57
T2 B1r4 1.08 0.40 1.45
T3 B1r5 3.59 2.13 0.68
T4 B2r3 0.86 0.26 1.36
T5 B2r4 1.38 0.60 1.12
T7 B2r5 3.99 2.00 0.68
T8 Cr4 0.31 0.17 2.03
T10 Cr5 3.60 1.71 0.76

�Runs T6 and T9 were pulse rather than step inputs and lacked a suffi-
ciently strong response for analysis.

Table 2 lists the results of these moment calculations for
the tracer runs. These show consistency with the physical
configuration shown in Figure 3. The mean residence time
and the variance increased as the tracer was collected from
sampling ports farther downstream. The mean residence time

Žderived from the RTD differs from spatial time V�rm reac-˙
.tor volume times mean density over mass-flow rate , due to

the presence of dead space.
Referring back to the model archetypes in Table 1, the

variance listed in Table 2 reveals the nature of mixing: for
pure plug-flow sections, � 2s0; for PSR sections, � 2s� 2;i i i
and for an ideal reactor series, the variance is additive from
one section of the reactor to the other, as demonstrated with
archetype 2. From this fact, variance should increase when
sampled further downstream, which was generally observed.
However, higher moments weight measurements are furthest
from the mean, which are most susceptible to noise and least
accurate.

Despite its questionable accuracy, the skewness coefficient
reveals a trend. In the multiple PSR archetype, the skewness
coefficient decreases with the number of reactors. As the
sample point moved downstream away from the injection
point, the skewness coefficient decreased, indicating addi-

Ž .tional PSR mixing zones. The RTD of a PSR gives a skew-
Žness coefficient of 2 in contrast to a PFR with or without

.Gaussian diffusion , which has a skewness coefficient of zero.
For ideal reactor models, the RTD of PSRs in series ap-
proaches that of a PFR as more reactors are added
Ž .Levenspiel, 1972 . The RTDs from B1 to 3 and C to 4 have a
skewness near 2, indicating a distinct single mixing region for
each of these streams. Using the skewness coefficient for-
mula derived for multiple reactors and solving for n gives

2
ns 17Ž .3ž /s

Using this formula, ns0.61 for B1 to 3, and ns0.97 for C
to 4. This is further reinforced by applying Eq. 12 for multi-
ple PSRs in series, which gives ns0.98 for B1 to 3 and ns
0.57 for C to 4. Since relying on higher moments is subject to
error, no single tool is absolute. However, the combination of
both of these approaches reinforces a conclusion of a single
mixing area between B1 and 3 and another between C and 4.
This also suggests that very little, if any, of the afterburner

Ž .gas C to 4 contributes to a postulated entrainment.

The B1 to 4 RTD has a smaller skewness coefficient that
could indicate the presence of an additional mixing region
for the kiln gas stream prior to the choke. Applying Eq. 12
gives ns2.9, and applying Eq. 17 gives ns1.9. This rein-
forces the assertion of an additional mixing zone after point 3
and prior to the choke. The skewness coefficients for the C
to 5 and B1 to 5 RTDs are much smaller, which supports a
model of two or three additional PSRs between the choke
and point 5. Using the moments of the reconstructed RTDs
along with inferences from the temperature profiles and geo-
metric factors, models can be synthesized for parameter
identification.

Model synthesis
Ž .Figure 8 shows the base line model model 0 that was de-

veloped based on the SCC geometric configuration, and
physical observations including temperature profiles, recon-
structed RTDs, and the analysis of moments. Model 0 was
the simplest approach, consistent with observations, and has
four distinct mixing or recirculation zones. Zone 1 is the re-
circulating flame from the SCC swirl burner. This phe-

Ž .nomenon is well documented by Beer and Chigier 1983 and´
Ž .modeled, as a well stirred reactor by Beer and Lee 1965 .´

Ž .The radial cross-section temperature profile Figure 5 and
Ž .RTD moments Table 2 further validate treating the flame

zone as a distinct region. Zone 2 comes from the swirling
flow created by the tangential entry of the kiln gas into the
mixing section, which is again reinforced by the cross-section
temperature profile and the RTD moments. The geometry of
the mixing chamber affects the confluence of these two re-
gions. Forcing both flows through a narrow choke should cre-
ate an entrainment region in the mixing section. Zone 3 is
likely formed by the swirling gases that emerge from the
choke. The mixing section resembles a tangential-entry swirl

Žburner Syred and Beer, 1974; Beer and Chigier, 1983; Hal-´ ´
.lett, 1986 feeding the burnout section. The tangential entry

of the kiln gas creates a large axial flux of angular momen-
tum that transfers through the choke to create Zone 4 in the
same manner as the nozzle on a swirl burner. The dimension-
less angular momentum flux or swirl number S quantifies the

Ž .intensity of this swirl Beer and Chigier, 1972 . The divergent´
exit into the burnout section enlarges the recirculating zone
Ž .Syred and Beer, 1974 . After Zone 4, the flow should ap-´
proximate a PFR.

In Figure 8, each box represents an ideal reactor. Each of
the five reactors has two parameters: the mean residence time

Ž� and the reactor temperature T or entrance temperature

( )Figure 8. Postulated ideal reactor model model 0 .
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.for the PFR . The addition of the two mixing fraction param-
eters 	 and 	 , which depict the fractions of the burner gas1 2
stream and kiln effluent stream mixing prior to the choke,
makes the figure a 12-parameter model. This is the simplest
possible model when geometry and observed temperature
profiles are considered. Since the SCC may contain dead
space, the total volume cannot be used to eliminate a degree
of freedom. The dead volume is not included on the schematic
because its parameter is found through physical closure and
does not add to the parameter count. The next step is to
identify the parameters.

The model depicted in Figure 8, translated into formulas
for each specific input-to-output combination corresponding
to a data set for the mixing section and expressed in Laplace
domain, is given in Eqs. 18a
18c

	 a a� 1y	 aŽ .2 2 2 2
B1 to 4: G s s q 18aŽ . Ž .

sqa sqa sqaŽ .Ž . Ž .2 3 2

	 a a� 1y	 aŽ .1 1 1 1
C to 4: G s s q 18bŽ . Ž .

sqa sqa sqaŽ .Ž . Ž .1 3 1

a2
B1 to 3: G s s 18cŽ . Ž .

sqaŽ .2

where a , a , and a are the respective reciprocals of the1 2 3
PSR mean residence times � , � , and � , and 	 and 	 are1 2 3 1 2
the stream entrainment fractions shown in Figure 8. Several
variations of the base model were also tried in an effort to
improve the fit to the tracer data. All these models described
the mixing section with five mixing parameters, in the same
manner as Eqs. 18a
18c, and were consistent with the tem-
perature and geometric observations. Each has minor varia-
tions from the base model, but maintains the same number of
mixing parameters.

The model downstream of the choke describes the stream
as it expands from a fast moving fluid in the narrow choke to
the slower moving fluid downstream. Translating the model

Žin Figure 8 downstream of the choke that is, the burnout
.section to a formula gives

a ey� 5 s
4

4 to 5: G s s 19Ž . Ž .
sqaŽ .4

where a is the reciprocal of � . This assumes that the con-4 4
fluence of the kiln gas and burner streams is in the choke at
point 4. However, the burnout section RTDs derived from

Figure 9. Alternate ideal reactor burnout section model
( )model 1b .

Žtracers entering at the tangential entry points points B1 and
.B2 into the mixing section had mean times 0.6 to 0.7 s shorter

Ž .than the RTD produced from the axial entry point point C .
Figure 9 shows a model proposed to reconcile these differ-
ences. It considered the kiln gas and the burner gas streams
as separate, which was consistent with the temperature pro-
file in the choke. The model proposed that the burner gas
stream, emerging from the center of the choke duct, forms a
separate recirculating zone as the kiln gas bypasses this zone
and mixes farther downstream.

Error analysis
Estimation of the confidence bounds, allowing testing the

sensitivity of the objective model to the errors of the mixing
model parameters, can be useful for refinement or selection
of the preferred candidate networks. Parameters with rela-
tively high standard errors or high covariance often indicate

Ž .overparameterization Draper and Smith, 1998 . The net-
worked ideal reactor model estimates the normalized system
response of the tracer y. The ith estimated point y is a func-ˆ î

Žtion of the independent variable x which correspond to thei
.discrete time measurements, i� t, for is0, 1, 2, 3, ... my1

Ž .and n parameters � , � , � ... � . The sensitivity of the1 2 3 n
parameters can be deduced from the covariance matrix, 

Ž .Press et al., 1992 . Diagonal elements of the covariance ma-
trix give the standard or probable parameter variance, and
their square roots give the standard or probable error of the
parameters

� � s 
 20Ž . Ž .'j j j

The off-diagonal elements represent the covariance be-
tween parameters. Values near zero indicate a high degree of
independence between parameters. An overparameterized
model usually has some parameters with relatively high co-

Ž .variance between them Draper and Smith, 1998 . The stan-
dard errors do not give the confidence bounds. The confi-
dence bounds can be calculated independently using the t-
distribution, but these confidence intervals are misleading and
inaccurate since they assume that parameters are indepen-
dent of each other and have errors which are normally dis-
tributed, which is seldom the case for nonlinear least-squares

Ž .estimation Rooney and Biegler, 2001 . Other methods that
more accurately estimate the confidence region involve Monte
Carlo techniques were not explored in this work.

Results and model selection — mixing section
Since parameters are shared in Eqs. 18a
18c, results were

based on a simultaneous fit of all three equations. Table 3
shows the fitted parameters for two mixing section models:

Ž .the base line model model 0 ; and a variation that sets 	2
Ž .equal to 1 and adds PFR 4 after PSR 3 model 1a . The table

lists the standard errors of the parameters and compares the
Ž .derived model moments mean, variance, and skewness to

the moments obtained from the reconstructed RTDs. The
table also gives the standard deviation between the data and
each fitted model for a standard of comparison. Both models
show 	 as zero or near-zero, which implies a complete by-1
pass between the flame zone and choke. The burner and kiln
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Table 3. Results of Competing Mixing Section Models.

Model 0 Model 1a Reconstructed
Ž . Ž .Units std error std error RTD

Standard s 0.040 0.028
deviation

Ž . Ž .	 none 0.005 0.151 0.000 0.0001
Ž .	 none 1.000 0.1132

Ž . Ž . Ž .� PSR s 0.330 0.083 0.333 0.0071
Ž . Ž . Ž .� PSR s 0.561 0.007 0.560 0.0032
Ž . Ž . Ž .� PSR s 0.596 0.091 0.003 0.5943
Ž . Ž .� PFR s 0.552 0.5594

B1 to 4
mean s 1.16 1.12 1.08

2variance s 0.67 0.31 0.40
skewness none 1.42 2.00 1.46

C to 4
mean s 0.33 0.33 0.31

2variance s 0.11 0.11 0.17
skewness none 1.97 2.00 2.03
B1 to 3
mean s 0.56 0.56 0.57

2variance s 0.31 0.31 0.32
skewness none 2.00 2.00 2.57

gases essentially do not mix inside the mixing section of the
SCC. Additionally, none of the kiln gas bypasses PSR 3, which
is implied by a value of unity for 	 in models 0. The fitted2
parameters of all models show a great deal of consistency
with the moments derived from the reconstructed RTDs.

Ž .The first moments mean derived from the model parame-
Žters show excellent agreement within the measurement in-

.terval of 0.05 s with the mean calculated from the recon-
structed RTDs. Higher-order moments, however, showed less
agreement with some models. While the measurement of the
variance from tracer data can be more problematic because it
weights the data furthest from the mean, which is more af-
fected by noise, lack of agreement is a criterion for eliminat-
ing other model variations.

Comparison of the skewness coefficients derived from the
model parameters with those derived from the reconstructed
RTDs reveals several trends. The single PSR has a skewness
coefficient of 2.0. Both models have good agreement with the
skewness coefficient from the reconstructed RTD for the

Ž . Ž .flame PSR 1 and tangential mixing area PSR 2 . The higher
number from the reconstructed RTD for B1 to 3 could indi-

Žcate long tails that result from dead space Himmelblau and
.Bischoff, 1968 or simply an outlying data anomaly magnified

by the higher moment. The skewness coefficient from the re-
constructed RTD between B1 and 4 supports a model with
two PSRs of approximately equal size as in model 0. How-
ever, the distinction is less clear when considering the stan-
dard error of the parameters.

Model 1a has high standard errors for � and � . Because3 4
� and � are highly correlated, an alternate description of3 4
the model defined a new parameter � as the mean resi-34
dence time for the sum of PSR 3 and PFR 4, and � as the34
fraction of that mean residence time in PSR 3. Defined in
this manner, the parameter values become

� 0.555 0.014Ž .34

	 0.008 0.944Ž .34

Figure 10. Comparison of Model 1a with normalized
data: B1 to 4.

So, the residence time of the sum of PSR 3 and PSR 4 can be
estimated with relatively high certainty, but it cannot be de-
termined from the data where PSR 3 ends and PFR 4 begins
with a reasonable degree of certainty. By considering it this
way, if � is assigned a value of 0.350 and � is assigned a3 4
value of 0.205, then the B1 to 4 model variance becomes 0.44
and the skewness coefficient becomes 1.52, which is much
closer to the respective reconstructed RTD values of 0.40 and
1.46. Thus, within the relative certainty of the parameters,
model 1 provides the best fit and agreement with the RTD
moments.

Figures 10 and 11 compare the model with the data, and
the LS reconstructed RTD, respectively. Figure 10 shows evi-
dence of a dead space effect of between 3 and 4 s where the
model overshoots the data. The model was insufficiently

Ž .complex by design to account for the slow absorption or
desorption of tracer from a dead volume. By fitting on the 0

Figure 11. Comparison of Model 1a with LS recon-
structed RTD: B1 to 4.

October 2003 Vol. 49, No. 10AIChE Journal �031232--KB349 2627



Figure 12. Power spectrum comparison of Model 1a and
LS reconstructed RTD: B1 to 4.

to 2.7 s interval, the model parameters could be optimized
for the portion they were meant to describe. Figure 11 shows
the same comparison when the effect of the analyzer is re-
moved from the system response. The effect of the LS recon-
struction accounts for the large difference between model 1a
and the reconstructed RTD. The dashed line shows the LS
reconstructed result of the model 1a synthesized system re-
sponse to illustrate this issue. Some information is lost in the
reconstruction process from a band-limiting effect of the ana-
lyzer.

Figure 12 shows the power spectrum density of the ana-
lyzer compared to model 1a for the B1 to 4 inputroutput
combination in the mixing section. The analyzer function has
a gain reduction of 100 dB above 1 Hz. Since the analyzer
function drives the response of the actual system, it dampens
the frequencies above 1 Hz of the system response. As a re-
sult, the LS reconstructed data and the LS reconstructed

Žmodel the model driven by the analyzer response then re-
.constructed again fail to match the power densities of the

model at the higher frequencies. This effectively limits the LS
reconstruction of both data and model to frequencies below 1
Hz.

This frequency band limitation produces nonunique solu-
tions in the reconstruction process. For instance, the LS re-
constructed data graphed in Figure 11 could have resulted
from any one of a number of systems with power spectral
densities equal to or below 1 Hz, but differing greatly above 1

ŽHz. The constrained iterative restoration algorithm Schafer
.et al., 1981 applied for the RTD reconstruction took a con-

Žsistent approach by starting with the system response model
.or real system driven by the analyzer function as the initial

solution. By doing this, nothing is assumed in the solution
about the higher frequencies.

Results and model selection — burnout section
Ž .For the burnout section, model 0 Figure 8 assumed a

completely mixed flow emerging from the choke, and model
Ž .1b Figure 9 assumed a complete segregation of the kiln gas

and burner gas streams. The parameters for model 0 could
be fit using any tracer run measured downstream of the choke
and a tracer run originating at the same input and measured
at the choke as the driving function in the role of the ana-
lyzer function. Model 1b requires a simultaneous fit in the
same manner as the mixing section. Model 0 was modified by
replacing its single burnout section PSR with two equal PSRs

Ž .in series labeled PSR 5 for consistency . This provided the
best fit and its results are presented in Table 4. Results pro-
duced from the B2r5 and Cr5 tracer runs on model 0 are
compared to the simultaneous parameter fitting on model 1b
using the same tracer runs.

The results produced for model 0 from the different tracer
Ž .inputs B2 and C varied by 0.77 s for total mean residence

time. Even though each individually agrees with the recon-
structed RTD, both cannot exist since different values are
required for the same ideal reactors. Model 1b, which as-
sumes segregated streams, resolves the contradiction by ini-
tially giving the streams two separate paths and allowing the
mixing to occur farther downstream. The resulting first and
second moments derived from the model parameters show
good agreement with those corresponding to the recon-
structed RTDs. Figure 13 shows the comparison between
model 1b and the reconstructed RTD. As was the case with
Figure 11, the reconstructed RTD and reconstructed model
show good agreement, but the higher frequencies lost in the

Table 4. Results of Competing Burnout Section Models.
Ž . Ž .Model 0 B2 input Model 0 C input Model 1b Reconst

Ž . Ž . Ž .Units std error std error std error RTD
Ž .	 none 0.013 0.1553

Ž . Ž . Ž . Ž .� PSR s 0.782 0.014 0.898 0.011 0.765 0.1175
Ž . Ž .� PSR s 1.102 0.0946
Ž . Ž . Ž . Ž .� PFR s 0.811 0.029 1.345 0.018 1.287 0.0327

4 to 5
( )B2 Input

Mean s 2.37 2.40 2.27
2variance s 1.22 1.23 1.05

skewness none 1.41 1.98 0.75
4 to 5

( )C Input
Mean s 3.14 3.15 2.99

2variance s 1.61 1.80 1.41
skewness none 1.41 1.48 0.82
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Figure 13. Comparison of Model 1b with LS recon-
structed RTD: 4 to 5 wrrrrr B2 input.

reconstruction process cause the difference with the impulse
response of model 1b.

Temperature and ©olume parameters
Temperatures assigned using cross-section temperature

profiles and energy balances enabled ideal reactor volumes
to be determined. This enabled ideal reactor volumes to be
determined, which is summarized in Table 5 for the chosen

Ž .model Figure 14 . The difference between the active and
physical volumes indicated the presence of 53 L of dead space
in the 177 L mixing section, but found 37 L more active vol-
ume than the 410 L physical volume of the burnout section.
However, overall there was good agreement between the
identified model and the physical geometry of the SCC.

The evaluation of standard errors for the fitted parameters
quantified the uncertainty in the model. Within the mixing

Table 5. Model Parameters: Residence Times, Temperatures,
and Resulting Volumes.

Mean Residence
Ž . Ž . Ž .Ideal Reactor Time s Temp. K Vol. L

PSR 1 0.333 1,538 24.0
PSR 2 0.560 1,009 45.2
PSR 3 0.003 1,009 0.2

Ž .PFR 4 0.552 1,009 in 55.1
Ž .1,404 out

�Ž .1,250 LMT
PSR 5 0.765 1,451 53.1
PSR 6 1.102 1,323 184.8

Ž .PFR 7 1.287 1,323 in 209.0
Ž .1,241 out
Ž .1,281 LMT

Mixing Section
Ž .Physical System 1.36 1,031 178
Ž .Active System 1.12 125
Burnout Section
Ž . Ž .Physical System 3.13 1,342 LMT 410
Ž .Active System 2.39 447

�Log Mean Temperature

Figure 14. Selected model juxtaposed to physical sec-
ondary combustion chamber.
Dimensions in centimeters.

Ž .section, standard errors were generally low less than 0.01 s .
The exceptions were the parameters for the two in-series re-
actors PSR 3 and PFR 4 on the kiln gas stream between points
3 and 4. Further analysis revealed that the standard error for
the combined mean residence times was very small, but the
uncertainty of the dimensionless fraction apportioning that

Žtime between the two reactors was very high 0.944 for a 0 to
.1 scale . Since the PSR and PFR represent different ex-

tremes of ideal macromixing, this indicated a large degree of
uncertainty in quantifying the mixing characteristics between
points 3 and 4 in the kiln gas stream. Parameters in the
burnout section had larger standard errors, but were less than
0.12 s for parameters ranging from 0.77 to 1.29 s. The stan-
dard error for the parameter describing the fraction of kiln
gas stream mixing with the burner gas stream mixing in PSR

Ž .5 was the largest 0.155 for a 0 to 1 scale .
The residence time of the physical system was calculated in

the same manner that would have been used for a design
calculation of a commercial SCC. It was based on the total
flow, averaged measured or log mean temperature, and phys-
ical volume. The active residence times considered only the
path taken by the tracer-laden kiln gas. These calculations
show that the active path, identified in the networked ideal
reactor model, is 1 s shorter than the superficial residence
time from the design calculations. Differences are also ap-
parent between physical volumes from the SCC geometry and
active volumes from the sum of ideal reactor volumes. The
difference between the active and physical volume in the mix-
ing section is likely manifested as dead space or dead vol-
ume. Early investigations of probe placements indicated the
presence of dead space in the mixing section adjacent to the
choke wall. The gradual expansion from the choke into the
burnout section prevents dead space caused by the abrupt
diameter change between the mixing section and choke. The
derived active volume for the burnout section is actually
greater than the physical volume. This is a likely result of
experimental error in the tracer and temperature measure-
ments and assumptions regarding the average temperatures
of the ideal reactors in the chosen model. When placed in
perspective, the error reflects a 0.28-s error in a 3.13-s burnout
section.
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Summary and Conclusions
A model was chosen based on the best fit to SO tracer2

data and consistency with physical geometry, resulting flow
patterns, and temperature measurements. A frequency band-
width limitation introduced by the SO analyzer precluded2
distinguishing solutions that differ only in the higher frequen-
cies. Hence, a best-fit model does not represent a unique so-

Žlution, and other considerations such as reactor geometry,
analysis of flow patterns and swirl, and temperature cross-

.section measurements also merited equal consideration in
model selection.

The tracer analysis revealed relatively poor mixing within
the secondary combustion chamber. The analysis found that
complete mixing between the kiln gas and burner stream oc-
curs at some distance downstream of the choke. Since, a
quasi-regulatory SCC design criterion is based on the average
temperature and the superficial residence time, a compliant
design might be insufficient to reburn rogue droplets or the

Ž .transient puffs characterized by Lemieux et al. 1992 . This
underscores the importance of a choke or appropriate bluff
body, which is not typically included, to enhance mixing within
the SCC. It also suggests that different design criteria are in
order to ensure complete combustion in practical secondary
combustion chambers.
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